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Deep Learning Bulk Spacetime from Boundary Quantum Data

Holographic principle: Blackhole (spacetime)~Quantum Matter

AdS/CMT 
Anti de Sitter/Condensed Matter Theory
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Anti
de Sitter

L ⇠ R� 2⇤

OOps! My Biggest Blunder

AdS 
Anti de Sitter

NOT the black-holes in the sky 
BUT the black-holes in the box (so called AdS space) 

In higher spacetime dimension
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Holographic Principle

Why Holography?  
Information is in 2D or 3D?
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“Strongly” coupled field theory: 4D

“Semi-classical” gravity system: 5D

Quantum operators

Classical fields

gµ⌫ ⇠ Tµ⌫

Aµ ⇠ Jµ
Narrow sense

Holographic Principle
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“Strongly” coupled field theory: 4D

“Semi-classical” gravity system: 5D

Quantum operators

Classical fields

gµ⌫ ⇠ Tµ⌫

Aµ ⇠ Jµ
Narrow sense

Holographic Principle

5 The planar Reissner-Nordström-AdS black hole 13

The Maxwell potential of the solution is

A = µ

✓
1� r

r+

◆
dt . (5.5)

We have required the Maxwell potential to vanish on the horizon, At(r+) =
0. The simplest argument for this condition is that otherwise the holonomy
of the potential around the Euclidean time circle would remain nonzero when
the circle collapsed at the horizon, indicating a singular gauge connection.
The planar Reissner-Nordström-AdS solution is characterized by two scales,
the chemical potential µ = limr!0At and the horizon radius r+. From the
dual field theory perspective, it is more physical to think in terms of the
temperature than the horizon radius

T =
1

4⇡r+

✓
3�

r
2
+µ

2

2�2

◆
. (5.6)

The black hole is illustrated in figure 4 below. This black hole, which can
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Figure 4 The planar Reissner-Nordström-AdS black hole. The charge den-
sity is sourced entirely by flux emanating from the black hole horizon.

additionally carry a magnetic charge, was the starting point for holographic
approaches to finite density condensed matter [27, 28].

Because the underlying UV theory is scale invariant, the only dimension-
less quantity that we can discuss is the ratio T/µ. In order to answer our
basic question about the IR physics at low temperature, we must take the
limit T/µ ⌧ 1 of the solution. We thereby obtain the extremal Reissner-
Nordström-AdS black hole with

f(r) = 1� 4

✓
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◆
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+ 3
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r
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4

. (5.7)

The near-horizon extremal geometry, capturing the field theory IR, follows
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Extra dimension

Gunnar Nordstrom (1913)



9

Extra dimension

Gunnar Nordstrom (1913)

His work was not very much appreciated at his home University;  
when he applied for a travel grant, a colleague commented: 
one can study the fourth dimension at home, without any trips abroad.
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Extra dimension

Kaluza(1921)-Klein(1926) idea

Gunnar Nordstrom (1913)
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Extra dimension

Kaluza(1921)-Klein(1926) idea

Gunnar Nordstrom (1913)

String theory in 10 dimension
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Deep Learning Bulk Spacetime from Boundary data

AdS(5D)/CMT(4D) Gravity in 5D = Quantum physics in 4D 
Holography,  Holographic Principle 
Extra Dimensional Theory

ML Questions:  

Can we understand 
the extra (holographic) dimension 

as a deep neural network? 

Can we use a deep neural network 
as a useful tool for holography? 

Answer: 
Positive for both 
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Deep Learning as a methodology 
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Deep Learning as a methodology 

For  a difficult problem,  
once we are given a qualitative answer we can understand it more easily.

Traditional method: from Bulk to Boundary  
Intuition, principle (ex: symmetry), “genius” etc required to make a model 
From a model, data are produced 

AI method: from boundary to bulk 
Big data required 
Model yielding the answer is given by machine without any understanding 
Intuition, principle (ex: symmetry), etc implied by the model will be discovered by human

(for example, model of “T-linear resistivity + T2 -Hall angle together” )
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Deep Learning 101

My talk
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Simple physic problem?
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Reference I
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Deep Learning for ODE: classical mechanics
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Generalization
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AdS/Deep learning: optical conductivity

Action

EOM

Background

Flucutation 
EOM I

Flucutation 
EOM II

A(z)f′￼′￼(z)+B(z)f′￼(z)+C(z)f(z) = F(z)

m ··x = F

A(z)f′￼′￼(z)+B(z)f′￼(z)+C(z)f(z) = D(z)g(z)

E(z)g′￼′￼(z)+F(z)g′￼(z)+G(z)g(z) = H(z)f(z)
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Einstein-Maxwell system

Reissner-Nordstrom-AdS black hole  
   ~ Boundary field theory at finite temperature and density

5 The planar Reissner-Nordström-AdS black hole 13

The Maxwell potential of the solution is

A = µ
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We have required the Maxwell potential to vanish on the horizon, At(r+) =
0. The simplest argument for this condition is that otherwise the holonomy
of the potential around the Euclidean time circle would remain nonzero when
the circle collapsed at the horizon, indicating a singular gauge connection.
The planar Reissner-Nordström-AdS solution is characterized by two scales,
the chemical potential µ = limr!0At and the horizon radius r+. From the
dual field theory perspective, it is more physical to think in terms of the
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additionally carry a magnetic charge, was the starting point for holographic
approaches to finite density condensed matter [27, 28].

Because the underlying UV theory is scale invariant, the only dimension-
less quantity that we can discuss is the ratio T/µ. In order to answer our
basic question about the IR physics at low temperature, we must take the
limit T/µ ⌧ 1 of the solution. We thereby obtain the extremal Reissner-
Nordström-AdS black hole with
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The near-horizon extremal geometry, capturing the field theory IR, follows

Holographic conductivity

perturbation (103). Taking ⇠t̄ = ixrxT/!̄T 3 and ⇠x = 0, one obtains that after the gauge

transformation �gt̄t̄(0) = 0, �gxt̄(0) = irxT/!̄T 3 and �Ax(0) = �iµrxT/!̄T 3. Scaling back

to the original dimensionful time t, we obtain (102).

Combining (101) and (102) we can see that the the source term in the action becomes

�S =

Z
dd�1xdt

p
�g(0)

�
T tx�gtx(0) + JxAx(0)

�

=

Z
dd�1xdt

p
�g(0)

✓
(T tx

� µJx)
�rxT

i!T
+ Jx

Ex

i!

◆
. (105)

Thus we see that the current sourced by a thermal gradient is Qx = Ttx�µJx, as we claimed

above. Substituting (101) and (102) into (100) gives
0

@ hJxi

hQxi

1

A =

0

@ � ↵T

↵T ̄T

1

A

0

@ i!(�Ax(0) + µ�gtx(0))

i!�gtx(0)

1

A , (106)

This linear relation between a source and an expectation value makes it clear that the

conductivities are nothing other than the retarded Green’s functions

�(!) =
�iGR

JxJx
(!)

!
, ↵(!)T =

�iGR

QxJx
(!)

!
, ̄(!)T =

�iGR

QxQx
(!)

!
. (107)

From our previous discussion we know that in order to compute the response of the

theory to these small background fields via AdS/CFT we need to solve the equations of

motion of perturbations �Ax and �gtx in the bulk. These perturbations do not source any

other fields (this simplification occurs because we have set the momentum k = 0). The bulk

action we will use is the Einstein-Maxwell action (54). The background solution is given

by the 4 dimensional Reissner-Nordstrom-AdS black hole, discussed around (59). Linearis-

ing the Einstein-Maxwell equations of motion (57) about this background one obtains the

following two independent equations

�g0tx +
2

r
�gtx +

4L2

�2
A0

t�Ax = 0 , (108)

(f�A0

x)
0 +

!2

f
�Ax +

r2A0
t

L2

✓
�g0tx +

2

r
�gtx

◆
= 0 , (109)

with f,At and �2 given below (59) above. Note in particular that A0
t = �µ/r+ is a constant.

We can easily obtain a decoupled equation for �Ax

(f�A0

x)
0 +

!2

f
�Ax �

4µ2r2

�2r2+
�Ax = 0 . (110)

It is straightforward to check that solutions to this equation behave near the boundary as

�Ax = �Ax(0) +
r

L
�Ax(1) + · · · as r ! 0 . (111)

41

+

Hartnoll, 1106.4324

In this paper we study AdS RN and dyonic BH with the simplest possible momentum

dissipation e↵ect model.

RN black hole - DC conductivity

1/omega pole. - Intermediate momentum

- Bad metal behaviour.

Dyonic - DC

- Wiederman Franz law.

- Hall angle.

[17] [18] [4]

2 Dyonic black branes with scalar sources

Let us start with the Einstein-Maxwell action on a four dimensional manifold M with

boundary @M is

SEM =

Z

M
d
4
x
p
�g


R� 2⇤� 1

4
F

2

�
� 2

Z

@M
d
3
x
p
��K , (2.1)

where ⇤ = � 3
l2 is a negative cosmological constant and we have chosen units such that

16⇡G = 1. Hereafter we set l = 1. The second term is the Gibbons-Hawking term

required for a well defined variational problem with Dirichlet boundary conditions. � is

the determinant of the induced metric �µ⌫ at the boundary and K is the trace of the

extrinsic curvature. In order to have a momentum relaxation e↵ect, we add a free massless

scalar

S =

Z

M
d
4
x
p
�g

"
�1

2

2X

I=1

(@ I)
2

#
. (2.2)

The total action

S = SEM + S (2.3)

implies equations of motion
1

RMN =
1

2
gMN

✓
R� 2⇤� 1

4
F

2

◆
+

1

2

X

I

@M I@N I +
1

2
FM

P
FNP (2.4)

rMF
MN

= 0 , (2.5)

r2
 I = 0 . (2.6)

1Index convention: M,N, · · · = 0, 1, 2, r, and µ, ⌫, · · · = 0, 1, 2, and i, j, · · · = 1, 2.

– 2 –

Source Expectation value

�Ax(r,!) =
E

i!
+ Jx(!)r + · · ·
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Reference I
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AdS/Deep learning: optical conductivity

Action

EOM

Background

Flucutation 
EOM I

Flucutation 
EOM II
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Setup

What is the bulk metric giving the conductivity at boundary

AdS/Deep learning: optical conductivity



26

Harder problem



27

Towards holographic strange model
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Some universal properties in CMT
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Some universal properties in CMT Anomalous Properties
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Cuprate phase diagram
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that the c-axis data11,17–20 for all of the single and double-
layer materials (Supplementary Table 2) are again well described
by a line with slope of unity. What is perhaps most remarkable is
that the a–b-plane and c-axis results may all be described by
the same universal line shown in Fig. 2, even though the two
results correspond to very different ranges of r s. The combined
data span nearly five orders of magnitude, from the insulating
behaviour along the c axis in the underdoped systems, to the
metallic behaviour in the a–b planes of the overdoped copper
oxides.
The scaling relation for the a–b planes can be interpreted in a

number of different ways. One of the most direct is the assumption
that all of the spectral weight (the area obtained from the integral of
the optical conductivity) associated with the free-carriers of the
normal state (nn) collapses into the superconducting condensate21

(n s ; nn) below T c. Allowing that the low-frequency conductivity
at T < T c can be described by the simple Drude theory for a metal,

j1(q) ¼ jdc/(1 þ q2t2) (where q is frequency), which has the
shape of a lorentzian centred at zero frequency with a width at
half-maximum given by the scattering rate 1/t, the area under
this curve may be approximated simply as j dc/t. Transport
measurements for the copper oxides22 suggest that 1/t near the
transition scales linearly with T c, so the strength of the condensate
is just r s / jdc T c, in agreement with the observed scaling relation.
This result requires that these materials approach the clean limit
(1/t ,, 2D, where 2D is the superconducting energy gap).

However, this approach cannot be applied to the properties along
the c axis, because it is generally conceded that transport in this
direction is incoherent, and therefore hopping rather than scatter-
ing governs the physics15. The quasi-two-dimensional nature of the
copper oxides, which often includes a semiconducting or activated
response of the resistivity along the c axis, has motivated the
description of the superconductivity in this direction in terms of
a Josephson-coupling picture16,17,23–26. The c-axis penetration depth
l is then determined by the Josephson current density J c and is
l 2 ¼ !c2/8pdeJ c, where J c ¼ (pD/2eRn)tanh(D/2kBT), d is the
separation between the planes, and Rn ¼ d/jdc is the normal-state
tunnelling resistance24. There is convincing evidence that the energy
gap in the copper oxides is d-wave in nature, containing nodes at the
Fermi surface27,28, making the determination of J c difficult. How-
ever, if the coupling between the planes originates at the (0,p), (p,0)
points29 where the gap is a maximum, D0, then we can approximate
D < D0. Furthermore, if D0 /Tc, then Jc /Tc=Rn and rs / jdcTc,
which yields the observed scaling behaviour in the c-axis direction.
Despite the different nature of the transport properties parallel and
perpendicular to the a–b planes, the universal scaling pertaining to
both directions is an unusual and surprising result that should
provide new insights into the origins of the superconductivity in
these materials. A

Figure 1 Plot of the superfluid density (rs) versus the product of the d.c. conductivity
(jdc) and the superconducting transition temperature (Tc) for a variety of copper oxides and

some simple metals. (jdc is measured just above the transition, and parallel to the

copper–oxygen (a–b) planes; data are shown on a log–log plot; see Supplementary

Table 1 for details, including errors.) The values for jdc and rs are obtained from optical

measurements of the reflectance. The reflectance is a complex quantity consisting of an

amplitude and a phase; in an experiment only the amplitude is usually measured.

However, if the reflectance is measured over a wide frequency range, the Kramers–

Kronig relation may be used to obtain the phase. Once the complex reflectance is

known, then other complex optical functions may be calculated (for example, the

dielectric function or the conductivity). The jdc used in this scaling relation has been

extrapolated from the real part of the optical conductivity jdc ¼ j1(q ! 0) at T < Tc.

For T ,, Tc, the response of the dielectric function to the formation of a condensate is

expressed purely by the real part, e1(q) ¼ e1 2 qps
2 /q 2, which allows the

superconducting plasma frequency qps to be calculated from qps
2 ¼ 2q 2e1(q) in the

q ! 0 limit, where qps
2 ¼ 4pn se

2/m* is proportional to the number of carriers in the

condensate. The strength of the condensate (rs) is simply rs ; qps
2 . The dashed and

dotted lines are described by rs ¼ (120 ^ 25)jdcTc. Within error, all the data for the

copper oxides are described by the dashed line. The data for the conventional

superconductors Nb and Pb, indicated by the atomic symbols within the circles, lie

slightly above the dashed line.

Figure 2 As Fig. 1 but for copper oxides only, and including data for the poorly conducting
c axis. The values for rs and jdc are obtained from optical measurements, as described in

Fig. 1 legend. In addition to the published results, new data are also included for

HgBa2CuO4þd and La22xSrxCuO4. Within error, all of the data fall on the same universal

(dashed) line with slope of unity, defined by rs ¼ 120jdcTc; the dotted lines are from

rs ¼ (120 ^ 25)jdcTc. See Supplementary Table 2 for details, including errors.

letters to nature

NATURE |VOL 430 | 29 JULY 2004 | www.nature.com/nature540 ©  2004 Nature  Publishing Group

Homes law ⇢s(T = 0) = C�DC(Tc)Tc
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Some universal properties in CMT

No concrete holography model of “T-linear resistivity + T2 -Hall angle together”  yet,  
even though there are many interesting holography models partly successful?
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ML Example: Holographic model

EMD(Einstein Maxwell Dilaton) model

Many variations

[ArXiv:1005.4690][hep-th], [ArXiv:1401.5436][hep-th]
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ML Example: Holographic model

EMD(Einstein Maxwell Dilaton) model

Many variations

Something else
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Towards holographic strange model

EMD(Einstein Maxwell Dilaton) model

Many variations

Something else
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Deep Learning for ODE: classical mechanics
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Deep Learning for ODE: classical mechanics

physics informed neural networks
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Towards holographic strange model
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Towards holographic strange model

Y(ϕ) = 1Gubser Rocha model
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Towards holographic strange model

Y(ϕ) = 1



39

Towards holographic strange model

EMD(Einstein Maxwell Dilaton) model

Many variations

Something else
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Ongoing and future work 

Methodology development 

- Neural ODE, Neural integral  

- PINN (Physics Informed Neural Network)  

- PDE 

Other physical quantities 

- ARPES: Fermionic spectral function 

- Quantum info: complexity, entanglement entropy, etc 

     - Applications to other physics problems (including ODE, PDE, Integral) 

Figuring out action itself for a specific problem 

- so far, the form of the action is fixed 

    - Linear T resistivity + T2 Hall angle together
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Thank you
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Deep Learning for integral: electrostatics
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AdS/Deep learning: entanglement entropy

A(α) = ∫ F[ f1(r; α), f2(r; α), ⋯ ] dr

B(α) = ∫ G[ f1(r; α), f2(r; α), ⋯ ] dr

ℓ(z*) = ∫
z*

0
dz

2z2

z4
* − z4

1
f (z)

C(z*) := − 1 + ∫
z*

0
dz ⋅

z*

z2
1 −

z2

z2
*

1
f (z)

− 1

σ̄ :=
σ(ℓ(z*))

s
=

1
z2

*
+

C(z*)
z*

2
ℓ(z*)

+
4π

ℓ(z*)2

Γ( 3
4 )

Γ( 1
4 )

2



44

Reference II
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AdS/Deep learning: entanglement entropy

Gubser-Rocca caseSetup
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Problem classification

Differential equation

Integral equation

Complicated equations by “ChatGPT”

A(z)f′￼′￼(z)+B(z)f′￼(z)+C(z)f(z) = D(z)g(z)

E(z)g′￼′￼(z)+F(z)g′￼(z)+G(z)g(z) = H(z)f(z)

A(α) = ∫ F[ f1(r; α), f2(r; α), ⋯ ] dr

B(α) = ∫ G[ f1(r; α), f2(r; α), ⋯ ] dr

Inverse Problem 
Optimization problem

Ex) boundary transport  
by bulk fluctuation equations 

Ex) boundary entanglement entropy 
by bulk metric


