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Motivation of Modified Gravity

Motivation to study modified gravity

General relativity alone struggles to explain the presence of dark matter, dark energy, and
inflationary expansion.

To improve general relativity, many alternative theories of gravity have been proposed.

One of the important missions of LIGO or gravitational waves is to test general relativity.

In this talk, I will consider Einstein-Scalar-Gauss-Bonnet Theory (ESGB).

S =

∫
d4x
√
−g
[
R

2κ2
−

1

2
∇αϕ∇αϕ+ f(ϕ)G

]
,

where G is the GB term

G = RµνρσR
µνρσ − 4RµνR

µν +R2,

and f(ϕ) is a scalar field function

Belongs to Horndeski gravity and has 2nd order field eq, so it is free of the ghost problem.

Einstein theory holds the no-hair theorems, proved by J. Bekenstein in 1972 and 1995.

ESGB theory evades the no-hair theorems 1 2 3 : indicates the existence of hairy BH.

1G. Antoniou, A. Bakopoulos, and P. Kanti, Phys. Rev. Lett. 120, 131102 (2018)
2Bum-Hoon Lee, Wonwoo Lee, Daeho Ro, Phys. Rev. D 99, 024002 (2019)
3Alexandros Papageorgiou, Chan Park, Miok Park, Phys.Rev.D 106 (2022) 8, 084024
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ESGB Theory Hairy Black Hole Solutions

Hairy Black Hole Solutions
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ESGB Theory Hairy Black Hole Solutions

Hairy Black hole Solutions for f = αϕ2

ds2 = −A(r)dt2 + 1

B(r)
dr2 + r2

(
dθ2 + sin2θ dφ2

)
.
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Formation mechanism of Hairy Black Holes Hairy black holes by Spontaneous Symmetry Breaking (SSB)

How these hairy black holes can be formed?
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Formation mechanism of Hairy Black Holes Hairy black holes by Spontaneous Symmetry Breaking (SSB)

We suggest the formation of hairy black holes by
spontaneous symmetry breaking 4

4Boris Latosh, Miok Park, Phys.Rev.D 110 (2024) 2, 024012, “Hairy black holes by
spontaneous symmetry breaking"
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Formation mechanism of Hairy Black Holes Hairy black holes by Spontaneous Symmetry Breaking (SSB)

Our Lagrangian

S =

∫
d4x
√
−g
[

1

2κ2
R−∇αϕ∗∇αϕ+ f(ϕ)G

]
, (1)

Lϕ =−∇αϕ∗∇αϕ+ f(ϕ)G = T − V, V = −f(ϕ)G (2)

where G is the Gauss-Bonnet term and the scalar field coupling function is

f(ϕ) = αϕ∗(r)ϕ(r)− λ
(
ϕ∗(r)ϕ(r)

)2
, (λ > 0)

Our metric ansatz is

ds2 = −A(r)dt2 +
1

B(r)
dr2 + r2

(
dθ2 + sin2θ dφ2

)
. (3)

This Lagrangian respects the global U(1) symmetry

ϕ(r)→ eiχϕ(r)

This action allows to have Schwarzschild black holes (ϕ = const).
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Formation mechanism of Hairy Black Holes Hairy black holes by Spontaneous Symmetry Breaking (SSB)

Schwarzschild BH are always stable in ESGB?

No

Scalar field perturbation

δϕ1(t, r, θ, φ) =
∑
l,m

Φ(r)Ylm(θ, φ)

r
e−iωt (4)

Φ′′(r∗)− (Veff − ω2)Φ(r∗) = 0, dr∗ =
1
√
AB

dr, (5)

Veff(r)=
l(l + 1)A

r2
+

1

2 r

(
A′B +AB′

)
−

1

2
fϕ1ϕ1AG, (6)

where l is the angular momentum.
∞∫
rh

dr
1
√
AB

Veff(r) < 0 → α > αSch. =
5

24
≈ 0.2083, (7)

A(r) = B(r) = 1−
2M

r
, l = 0 (8)

Schwarzschild black holes in EsGB

become unstable beyond the critical value of α (= αSch.)
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Formation mechanism of Hairy Black Holes Hairy black holes by Spontaneous Symmetry Breaking (SSB)

Hairy Black Holes by SSB

V = −f(ϕ)G,

f(ϕ) = αϕ∗(r)ϕ(r)− λ
(
ϕ∗(r)ϕ(r)

)2
, (λ > 0)

Black holes in the symmetric phase :

〈ϕ〉 = 0, ϕ(r) =
1
√

2

(
ϕ1(r) + i ϕ2(r)

)
(9)

Black holes in the symmetry-broken phase : the stable minima are determined by

〈ϕ〉 = v eiβ , v =

√
α

2λ
(10)

we expand a field around the ground state v by reparameterizing it as follows

ϕ(r) =

(
v +

σ(r)
√

2

)
eiθ(r) (11)

Miok Park (IBS-CTPU-PTC) Hairy Black Holes by SSB November 21 2025 @ Chonnam National University 9 / 27



Formation mechanism of Hairy Black Holes Hairy black holes by Spontaneous Symmetry Breaking (SSB)

Flux near the black hole horizon 5

The conserved current is given by

∂αJ
α = 0, Jα = i g (ϕ∗∂αϕ− ϕ∂αϕ∗).

In the symmetric phase :

∫
Σ

Jαn
α
√
−h d3y =

∫
Σ

[
g(ϕ2∂rϕ1 − ϕ1∂rϕ2)

][√
A(r)B(r) r2 sin θ dθ dφ dt

]
= 0 (12)

In the symmetry-broken phase :

θ′(r) =
c2

4r2
√
A(r)B(r)

(
v +

σ(r)
√

2

)−2

, (13)

∫
Σ

Jαn
α
√
−h d3y =

∫
Σ

[
− 2 g

(
v +

σ(r)
√

2

)2

θ′(r)

][√
A(r)B(r) r2 sin θ dθ dφ dt

]
= − 8π g c2 (14)

c2 = 0 is required. The Goldstone boson is trivial.
5special thanks to Prof. Seong Chan Park
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Formation mechanism of Hairy Black Holes Hairy black holes by Spontaneous Symmetry Breaking (SSB)

Hairy Black Holes by SSB in EsGB with global U(1)

We are interested in the situation that

“Scalar fields are about to grow from black holes without scalar hair. Finally it evolves to hairy
black holes."

ex. Schwarzschild black hole −→ Hairy Black holes

scalar hair is about to grow from black holes.

→ scalar fields are the excitation just above the vacuum : ϕh is small (< 3
10

)

“V = −f(ϕ)G" as an “interacting potential" :

SSB to occur near EH

effective near the black hole horizon
not effective at infinity (V → 0 as r →∞, since G → 0 as r →∞)

Based on these assumption,

we numerically generated the hairy black holes in symmetric and symmetry-broken phase
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Formation mechanism of Hairy Black Holes Hairy black holes by Spontaneous Symmetry Breaking (SSB)

Hairy black holes in symmetric phase

λ=
1

10

λ=
3

10

αsol.

-0.4 -0.2 0.0 0.2 0.4
-2

-1

0

1

2
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α

Miok Park (IBS-CTPU-PTC) Hairy Black Holes by SSB November 21 2025 @ Chonnam National University 12 / 27



Formation mechanism of Hairy Black Holes Hairy black holes by Spontaneous Symmetry Breaking (SSB)

Hairy black holes in symmetry broken phase
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Scalar Field Perturbation

Hairy black holes + Scalar field perturbation 6

6Young-Hwan Hyun, Boris Latosh, Miok Park, JHEP 08 (2024) 163, “Scalar field perturbation
of hairy black holes in EsGB theory"
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Scalar Field Perturbation

Scalar Field Perturbation of Hairy Black Holes
[
∂2
x − s2 − Veff(r)

]
δϕ̂1(s, x) = −∂tδϕ(t, x)|t=0 − sδϕ(t, x)|t=0 = J (s, x) (15)

Veff(r)=A(r)

[
l(l + 1)

r2
+
B(r)

2 r

(
A′(r)

A(r)
+
B′(r)

B(r)

)
−

1

2
fϕ1ϕ1 G

]
Green’s function method provides the solution

δϕ̂1(s, x) =

∫ ∞
−∞

dx′ Ĝ(s, x, x′)J (s, x′). (16)

This Green’s function are constructed by the following three contributions

G(t, x, x′) = GF(t, x, x′) +GQNM(t, x, x′) +GB(t, x, x′) (17)

where

GF(t, x, x′) = lim
R→∞

[ ∫ π

φ=π
2

d(s = Reiφ)

2πi
estĜ(s, x, x′) +

∫ −π
2

φ=−π

d(s = Reiφ)

2πi
estĜ(s, x, x′)

]
,

GQNM(t, x, x′) = lim
R→∞

∮
γR

ds
2πi

estĜ(s, x, x′),

GB(t, x, x′) =

∫ 0

−∞

d(se2πi)

2πi
ese

2πitĜ(se2πi, x, x′) +

∫ −∞
0

ds
2πi

estĜ(s, x, x′)
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Scalar Field Perturbation

Greens function in s-space (s = iω)

G(t, x, x′) = GF(t, x, x
′) +GQNM(t, x, x′) +GB(t, x, x

′)
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Scalar Field Perturbation

Solution for KG equation: Green’s function method

G(t, x, x′) = GQNM(t, x, x′) +GB(t, x, x′) +GF(t, x, x′) (18)

t ' x− x′ : the outward propagating wave can effectively ignore the influence of this
potential and travel outward reaches the observer, GF

t ' x+ x′ : (quasinormal modes) the part of the low-frequency scalar perturbation traveling
towards the black hole bounces off the effective potential Veff(r) near the horizon and
propagates back to the observer, GQNM

t� x+ x′ : (late-time behavior) the QNMs gradually fade away, and only the decaying
modes of the signal persist. The outgoing wave that traveled to a large distance and then
scattered back towards the observer due to the spacetime curvature at large distances, GB
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Scalar Field Perturbation Quasinormal modes (QNM)

Quasinormal modes (QNM)
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Scalar Field Perturbation Quasinormal modes (QNM)

GQNM : Schwarzschild black holes

δϕ(v, z, θ, φ) =
∑
l,m Φ(z)Ylm(θ, φ)e−iωv , ω = ωR + iωI
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Scalar Field Perturbation Quasinormal modes (QNM)

GQNM : Symmetric Phase with α < 0
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Scalar Field Perturbation Quasinormal modes (QNM)

GQNM : Symmetric Phase with α > 0
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Scalar Field Perturbation Quasinormal modes (QNM)

GQNM : Symmetry-Broken Phase
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Scalar Field Perturbation Quasinormal modes (QNM)

GQNM : Symmetry-Broken Phase
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Scalar Field Perturbation Late time tails

Late time tails : branch cut
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Scalar Field Perturbation Late time tails

GB : branch cut

If considering the low-frequency limit (s = iω) such as A1s→ 0 and ϕ1,1s→ 0

GB(t, x, x′) =

∫ 0

−∞

d(se2πi)

2πi
ese

2πitĜ(se2πi, x, x′) +

∫ −∞
0

ds
2πi

estĜ(s, x, x′),

GB(t, r, r′) ' (−1)−l
A122l+1Γ(l + 1)2rl+1(r′)l+1

Γ(2l + 2)2

∫ 0

−∞
ds es(t−r−r

′)s2(l+1)
1F1(2rs) 1F1(2r′s),

where 1F1(2rs) = 1F1(l + 1; 2l + 2; 2rs) is the confluent hypergeometric ft. of the first kind.

In the limit t→∞ with r fixed, we obtain

GB(t, r, r′) ' (−1)l+1 2(−A1)(2l + 2)!

((2l + 1)!!)2

rl+1(r′)l+1

t2l+3
.

In the limit v →∞ (t→∞ with t/r fixed), we can take r →∞ and r′s� 1, then

GB(t, r, r′) ' −
A1(r′)l+1

(2l + 1)!!

∫ −∞
0

ds es(t−r)sl+1 +
A1(−1)l(r′)l+1

(2l + 1)!

∫ −∞
0

ds es(r+t)sl+1,

=
(l + 1)!

(2l + 1)!!

[
(−A1)(−1)l+1

ul+2
−

A1

vl+2

]
(r′)l+1

' (−1)l+1(−A1)
(l + 1)!

(2l + 1)!!

(r′)l+1

ul+2
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Scalar Field Perturbation Late time tails

Ring-down phase

The newly formed, perturbed black hole relaxes to a stable state (usually a Kerr black hole
characterized by its mass M and spin J) by emitting gravitational waves. These waves are
described by the black hole’s quasinormal modes (QNMs)
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Scalar Field Perturbation Late time tails

Ringdown phase with QNMs for gravitational wave

However, as we have seen that QNMs generally do not form a complete set in the usual
mathematical sense due to their non-Hermitian nature and the boundary conditions imposed.
They can be part of a generalized basis when combined with other modes, such as:

ψ(t.x) =
∑
n

cnψn(x)e−iωnt + branch cut contribution

Ref : Kostas D. Kokkotas, Bernd G. Schmidt, "Quasi-Normal Modes of Stars and Black
Holes",Volume 2, article number 2, (1999)
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Future works

Summary

Miok Park (IBS-CTPU-PTC) Hairy Black Holes by SSB November 21 2025 @ Chonnam National University 27 / 27



Future works

Summary

Miok Park (IBS-CTPU-PTC) Hairy Black Holes by SSB November 21 2025 @ Chonnam National University 27 / 27



Future works

Future works

1 quasinormal modes with metric perturbations
2 dynamical evolution from non-hairy black holes to hairy black holes
3 hairy black holes by SSB with U(1)

4 thermodynamic stability
5 relation with Love number

Thank you!
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