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A few  Tales on Entanglement 

I. 이별과 재회: introduction to ads/cft  

       II. Entanglement & locality : ads/cmt  
 

III. Entanglement and scattering. 

IV. Sewing spacetime by Entanglement

V. ER=EPR and Strange metal  
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I. 이별과 재회 
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실험이
론

이별:

재회:

이론

실험
GN



I.1 이별

1973: Asymptotic freedom -> 강작용의 섭동론 극적인 구제.  
장론을 사용한 고에너지 SU(3)xSU(2)xU(1) 동역학의 완성. 현상론의 탄생, 현상론/장론 분리  

Before : open string theory:    ,    ,  (장론폐기)         

After : Closed string theory(1974): s=2 중력자 포함,  
            Gravity with scale ,  ( ) 
             practically  slope/energy to excite modes.  
 
            => 끈이론-실험의 이별 : by  the presence of            

J = α′￼M2 1/α′￼= (1GeV )2

MP = 1019GeV GN = M−2
P

∞

GN = M−2
P
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Figure 2: Comparison of Regge trajectories for meson and baryons. The Regge slopes in
L are predicted to be equal for both the meson and baryon trajectories. See Refs. [3, 4]

These striking features of hadron spectroscopy are di�cult to understand if one

assumes that mesons are qq̄ bound states and baryons are composites of three quark

constituents. However, there is a simple physical explanation why the baryon and meson

spectra could be similar in QCD. Suppose that the two color-triplet 3C quarks in a baryon

bind to form an anti-color-triplet 3̄C diquark “cluster”. This [qq]3̄C diquark state could

then bind to the remaining q3C quark to form the baryonic color singlet. The color-

binding diquark-quark interactions of the ([qq]3̄C + q3C ) baryon would then mimic the

(q̄3̄C +q3C ) color-binding of a meson. The relative orbital angular momentum L in the qq̄

meson would have its counterpart in the relative orbital angular momentum L between

the quark and diquark cluster in the baryon. The diquark cluster can have spin S = 0

or S = 1, leading, respectively, to the spin-12 nucleon and the spin-32 � states and their

radial and orbital excitations.

Note that if this simple picture of hadron structure is correct, then a 3̄C diquark qq

cluster and a 3C antidiquark q̄q̄ cluster should also bind to form [qq]3̄C [q̄q̄]3C color-singlet

tetraquarks.

There is in fact another surprising similarity of the observed meson and baryon

spectra. Suppose we shift the relative angular momentum of mesons LM versus the

relative angular momentum of baryons LB by one unit; i.e., we will compare the masses

of mesons and baryons with LM = LB + 1. Remarkably the empirical masses of the

mesons and baryons match each other very well. See Fig. 4. The equal masses of mesons

and baryons with with LM = LB +1 can thus be considered as a supersymmetric feature
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I.2 재회:      AdS/CFT (1998)

D-brane(1995: Polchinski) 
Near horizon limit of D-brane =AdS  

N=4 SYM <=> string th in AdS (1998: Maldacena, 2만여회 인용) 

CFT has no scale =>  decouple.  

Once it decouples,  we can generate any wanted scale by  
                                   a dynamical symmetry breaking 
=> 재회  ?  How to generate a theory for the system on the boundary? 

GN
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The CFT side

N = 4 Super-Yang-Mills is a highly supersymmetric gauge theory in 4d. Its matter

context is fixed uniquely by supersymmetry. It is just an SU(N) gauge field plus all

the matter fields required by supersymmetry, which include matrix-valued scalar fields

transforming the adjoint representation of SU(N) (unlike the fundamental representa-

tions we usually encounter in, say, QCD).

The gauge theory has two dimensionless parameters, N (ie the size of SU(N)) and the

Yang-Mills coupling constant gYM . Define the combination

` = g2
YM

N . (14.7)

This is called the ‘t Hooft coupling. It turns out that gauge theory at large N is most

naturally organized as an expansion in ` and 1/N , rather than gYM and 1/N . This

is roughly because there are N fields running in loops, which changes the expansion

parameter from g2
YM

to `.

The mapping

The mapping from string theory parameters to CFT parameters is

` �

*
�AdS

�string

 4

(14.8)

and
�d�1
AdS

GN

�

*
�AdS

�P

 d�1

� N2 . (14.9)

(with known coe↵cients). We will see where this particular scaling comes from below in

more generality. For now we just want to note that this is a strong/weak duality : when

one side is easy, the other is (usually) hard. For example to have semiclassical Einstein

gravity, both loops and higher curvature corrections must be suppressed on the gravity

side. This means N ! 1 and ` ! 1 so the CFT is very strongly coupled. On the other

hand if we consider a weakly coupled CFT, then �s ! �AdS so stringy/higher curvature

corrections are not suppressed on the gravity side and this presumably behaves nothing

like ordinary gravity. (This is related to so-called ‘higher spin gravity’ or ‘Vasiliev

gravity’.)
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Strong-weak duality



 Generalize to AdS/CMT: a calculation formalism of emergence

• Origin of simplification  at QCP : 
 Democracy of scales => Information Loss => universality in SIS

•  The whole system as an object indivisible.   

• AdS/SYM = an soluble example. 

6

BH: no hairno scale
 =analogue of N=4 SYM



II. Entanglement and Locality
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Entanglement implies Non-locality. 
Measuring L can affect R, whatever is their distance=> Non-locality 

Strong Interaction => Strong Entanglement=> Non-locality => untreatable  

Q: How to overcome this non-locality?  
A: AdS/CFT: Bulk-Bdy correspondence is non-local. 

ϕ(x, z) = ∫ K(x, z; x′￼)𝒪(x′￼)dx′￼

𝒪

ϕ



Prescription of  AdS/X,          X=QCD, CMT, … 

• D.o.F is defined in bdy, but its dynamics is defined by the BULK theory.  

• assume the presence of basic bulk fields which is dual to the (fermion, 
fermion bilinear, …) and its local bulk action.  

• We do not assume  the locality of the boundary theory.  

• bulk locality= a principle not a theorem.

8

Zχ := Zψ(χ)

Define dof at bdy:  
A non-local Th. of 

Postulate the local Th. of  
=> calculate observable of  

χ
χ

ψ
χ

χ ψ

No reason to prove the equivalence

Finding the dual theory of  known theory is meaningless.

S = S0 + ∫ ψo(x)χ(x)dx



Q: How to describe a realistic  system using ads/CFT? 
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 By structure &  features
  => need a scale=>need a Symmetry breaking !

Need a theory off the QCP.
Mean field theory=Theory of symmetry breaking.
Theory of symmetry breaking in holographic version:  
we call it as holographic mean field theory. 
The first example is Holographic Superconductivity theory. 

Symmetry Breaking nearby Quantum Critical Point (QCP)

The presence of the order parameter actually characterizes the physical system o↵ but near the

critical point

) G(!, k) /
!

p
k2 � !2

)?

(Hanyang University) Symmetry Breaking E↵ect 2023 3 / 31

ordered disordered
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Traditional MFT:  
MFT= theory of condensation. => … gap generation => … order.    

 

 

 

What are the condensations in particle theory?

Δ ∼ ⟨ckc−k⟩, BCS

Δ ∼ ⟨ f †
k c−k⟩, Kondo Condensation

MA ∼ ⟨c†
k ΓAck⟩, Charge density or magnetic ordering

S = ∫ d4x −g(R − 2Λ −
1
4

F2 − |DAΦI |
2 )

Solution to the eq. Of M =>  ΦI ≠ 0 → hairy solution

Holographic  MFT: 

II. Holographic mean field theory (I)



      
Order : ,    

Holographic dictionary:  
Consider ,   and  

add   to .  
 
Find the configuration of  first, in the fixed BH gravity.  
—> Study  in the fixed (  , )  

        to get spectrum of . 

⟨c̄ΓAc⟩ ≠ 0

ψ dual to c
ΦA ⋅ ψ̄ΓAψ ℒ0 = ψ̄(γμi∂μ − m)ψ

Φ
ψ(z, x) gμν Φ

χ

11

c
ψ

Φo(x)

Φ(r, x)

AdS

H-MFT (ii) Effect of order in fermion spectrum



Structure of holographic MFT
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Holographic Fermions Model with order parameter fields

Stotal = S + Sbdy + S
g, �

+ Sint , (6)

S = i

Z
d
d
x

2X

j=1

p
�g  ̄

(j)
⇣
/D �m

(j)
⌘
 
(j)

, (7)

Sbdy =
i

2

Z

bdy
d
d�1

x

p
�h

⇣
 ̄
(1)
 
(1)

±  ̄
(2)
 
(2)

⌘
, (8)

S
g, �

=

Z
d
d
x
p
�g

⇣
R� 2⇤ +|DM�I |

2
�m

2
�|�|

2
⌘
, (9)

Sint =

Z
d
d
x
p
�g

⇣
 ̄
(1)� · � (2) + h.c

⌘
(10)

where �I is order parameter field,  ̄
(1)� · � (2)

is constructed by considering all possible

Lorentz symmetry.

(Hanyang University) Symmetry Breaking E↵ect 2023 5 / 31

the strongly interacting system in the boundary to be described by nonlocal field theory.

The total action is given by [28]

Stotal = S + Sbdy + Sg,� + Sint, (2.1)

S =

Z
d
5
x

2X

j=1

p
�g  ̄

(j)
⇣1
2
(
�!
/D �
 �
/D)�m

(j)
⌘
 
(j)

, (2.2)

Sg,� =

Z
d
5
x
p
�g

⇣
R� 2⇤+ |DM�I |

2
�m

2
�|�|

2
⌘
, (2.3)

Sbdy =
i

2

Z

bdy

d
4
x

p
�h

⇣
 ̄
(1)
 
(1)

±  ̄
(2)
 
(2)

⌘
, (2.4)

Sint =

Z
d
5
x
p
�g

⇣
 ̄
(1)� · � (2) + h.c

⌘
. (2.5)

where /D = �M (@M + 1
4!M↵��↵�), !M↵� is the spin connection, � ·� = �µ1µ2···µI�µ1µ2···µI .

�I is the order parameter field which couples with bilinear spinor in the bulk, leading to the

symmetry breaking under the presence of the source or its condensation. Additionally, we

will turn on just one component of field � to calculate the spectral function. The gamma

matrix convention and the geometry are chosen and given as follows,

�t = �1 ⌦ i�2, �x = �1 ⌦ �1, �y = �1 ⌦ �3, �z = �2 ⌦ �0, �u = �3 ⌦ �0 (2.6)

ds
2 =

1

u2
(dt2 +

3X

i=1

d~xi
2 + du

2), f(u) = 1, h = gg
uu
, uh =1, (2.7)

where the underlined indices represent tangent space ones. Under this convention, the

boundary locates at u = 0.

Notice that in AdS5, including two-flavors of fermions is mandatory because holography

projects out half of the fermion degrees of freedom while we need a full 4 component spinor

in the 4 dimensional boundary. On the other hand, in AdS4, considering one flavor is still

allowed since the boundary is of 2+1 dimension where spinors are of two components.

We will analytically determine and analyze the fermions’ Green’s function in the pres-

ence of an order parameter field. So, we consider the absence of gauge field for simplicity.

Furthermore, we will begin our analysis in the probe limit and later we will eventually

calculate the spectral function in the full back-reacted background. We will compare it

with the probe limit analytic results to check the reliability of the latter.

2.1 Variational analysis and boundary actions

In this section, we will perform the variational analysis in detail to show the boundary

fermions in di↵erent quantization choices. The standard-standard (SS) and standard-

alternative (SA) quantization can be distinguished by the sign of the boundary action

(2.4). We first simplify the action by introducing ⇣(j),

 
(j) = (�gguu)�1/4

⇣
(j)

e
�i!t+ikxx+ikyy+ikzz. (2.8)

– 6 –

• JHEP 06 (2024) 100 • e-Print: 2311.01897 

T. Yuk S. Sukrakarn 

Einstein-Maxwell-Tensor

https://arxiv.org/abs/2311.01897
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Simple Pole Types Green functions

8 (half) of them have both simple pole and branch-cut types.

�, Bi, Bjk, Btu (AdS5)

�,�5, Bi, B5i, Bjk, Btu (AdS4)

Figure: Simple pole and Branch-Cut types spectra

2-dimensional

slice of the

spectral density

3-dimensional

spectral density

(Hanyang University) Symmetry Breaking E↵ect 2023 6 / 19

 Symmetry type of the order vs pattern of spectrum 

Appearing features: Gaps of s-,p-wave sym. 
                             Flat bands of dim 1,2,3.  

                             Nodal segment and rings
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AdS4 Simple Pole Type Spectral Functions

�(SS),�5(SA) TrGR(kµ) =
4!

p
~k2 � !2 +M2

~k2 � !2

Bx(SA), Bx5(SS)

TrGR(kµ) =
2!

b(k2y � !2)

⇥
(b+ kx)✏� + (b� kx)✏+

⇤

; ✏± =
q

(b± kx)2 + k2y � !2

Bxy(SS), Btu(SA)
TrGR(kµ) = �

2

b!

⇥
(b+ |~k|)✏� + (b� |~k|)✏+

⇤

; ✏± =
q

(b± |~k|)2 � !2

(Hanyang University) Symmetry Breaking E↵ect 2023 26 / 31

For probe:  Analytic spectral functions  
notice: pole vs branch cut

Usual many body theory assume:   :  

Poles=> FL. // Branch cut  also appears in ours => New class of Non-FL

G ∼
Z

ω − ϵ − Σ
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Interactions Trace of analytic Green’s functions (AdS4) Features/Classification

M0/M05

TrG(SA)
M0

⌘ TrG(SS)
M50

=
4!q

k2
� !2 +M 2

0

Gapful/s-wave gap

TrG(SS)
M0

⌘ TrG(SA)
M50

= 4!

q
k2

� !2 +M 2
0

k2
� !2 � i✏

Topological liquid

Bx/B5x

TrG(SS)

B
(0)
x

⌘ TrG(SA)

B
(0)
5x

=
2!q

(b� kx)2 + k2
y
� !2

+
2!q

(b+ kx)2 + k2
y
� !2

Shifting cones/p-wave gap

TrG(SA)

B
(0)
x

⌘ TrG(SS)

B
(0)
5x

=
2!

b

h(b+ kx)
q
(b� kx)2 + k2

y
� !2 + (b� kx)

q
(b+ kx)2 + k2

y
� !2

k2
y
� !2 � i✏

i
1D flat band

Bxy/Btu TrG(SA)

B
(�1)
xy

⌘ TrG(SS)

B
(�1)
tu

=
2!p

(b� k)2 � !2
+

2!p
(b+ k)2 � !2

Nodal ring

(anti-symmetric) TrG(SS)

B
(�1)
xy

⌘ TrG(SA)

B
(�1)
tu

= �
2

b

h(b+ |k|)
p
(b� k)2 � !2 + (b� |k|)

p
(b+ k)2 � !2

! + i✏

i
2D flat band

Bu TrG(SS)

B
(0)
u

⌘ TrG(SA)

B
(0)
u

=
4!p

k2
� !2

QCP

Bux/B5u

TrG(SS)

B
(�1)
ux

⌘ TrG(SA)

B
(�1)
5u

= 4!
b2 + k2

� !2 + f+f�
f+f�(f+ + f�)

; f± =

r
k2
x
�

⇣
b±

q
!2 � k2

y

⌘2
Filled nodal line

TrG(SA)

B
(�1)
ux

⌘ TrG(SS)

B
(�1)
5u

= 4!
(f+ + f�)

q
!2 � k2

y
� b(f+ � f�)

q
!2 � k2

y
(b2 + k2

� !2 + f+f�)
; f± =

r
k2
x
�

⇣
b±

q
!2 � k2

y

⌘2
Non-singular segment

Bt/B5t

TrG(SS)

B
(0)
t

⌘ TrG(SA)

B
(0)
5t

= 2
⇣ b+ !q

k2
� (b+ !)2

�
b� !q

k2
� (b� !)2

⌘
Filled nodal ring

TrG(SA)

B
(0)
t

⌘ TrG(SS)

B
(0)
5t

=
2

b

q
k2

� (b� !)2 �
q
k2

� (b+ !)2
�

Non-singular disk

Table 2: The summary of trace of Green’s functions and spectral features in AdS4. In AdS4,
the Green’s functions have duality of the trace part between SS and SA quantization which the
key is the fifth gamma matrix �5 which is absent in AdS5 space-time. It is important to note that
k2 = k

2
x + k

2
y for all expressions.

Supplementary Materials

A AdS4 Green’s function, spectral features, classification, and dualities

Even the spectral functions for AdS4 were studied in our previous work but the analytic

results have not been completely reported yet. However, we found the duality between

AdS4 and AdS5 Green’s functions which we will show in this section. We follow the

gamma matrix convention for AdS4 in [24, 27, 38–40].

�t = �1 ⌦ i�2, �x = �1 ⌦ �1, �y = �1 ⌦ �3, �u = �3 ⌦ �0, �5 = i�t�x�y�u
. (A.1)

Under this convention, �5
⌘ �z in our main AdS5 context, so that the bulk gamma matrices

can be decomposed as follows,

�µ =

 
0 �

µ

�
µ 0

!
, �µ⌫ =

 
�
µ⌫ 0

0 �
µ⌫

!
,�µu =

 
0 ��

µ

�
µ 0

!
,

the structure of the gamma matrices shows us that the result of Green’s functions will

be the same as AdS5 by removing complex conjugates in the expressions and eliminating

– 34 –

 Analytic spectral functions for AdS4



Interactions Trace of analytic Green’s functions (AdS5) Features/Classifications Singularity types

M0

TrG(SA)
M0

=
4!q

k2
� !2 +M

2
0

(4.3) Gapful/s-wave gap Branch-cut

TrG(SS)
M0

= 4!

q
k2

� !2 +M
2
0

k2
� !2 � i✏

(4.2) Topological liquid Pole

Bx

TrG(SS)

B
(0)
x

=
2!q

(b� kx)2 + k2
? � !2

+
2!q

(b+ kx)2 + k2
? � !2

(4.10) Shifting cones/p-wave gap Branch-cut

TrG(SA)

B
(0)
x

=
2!

b

h(b+ kx)
q
(b� kx)2 + k2

? � !2 + (b� kx)
q
(b+ kx)2 + k2

? � !2

k2
? � !2 � i✏

i
(4.11) 1D flat band Pole

Bxy

TrG(SA)

B
(�1)
xy

=
2!p

(b� |k?|)2 + k2z � !2
+

2!p
(b+ |k?|)2 + k2z � !2

(4.15) Nodal ring Branch-cut

TrG(SS)

B
(�1)
xy

=
2!

b

h(b+ |k?|)
p
(b� |k?|)2 + k2z � !2 + (b� |k?|)

p
(b+ |k?|)2 + k2z � !2

k2z � !2 � i✏

i
(4.14) 2D flat band Pole

Btu

TrG(SS)

B
(�1)
tu

=
2!p

(b� |k|)2 � !2
+

2!p
(b+ |k|)2 � !2

(4.8) Nodal shell Branch-cut

TrG(SA)

B
(�1)
tu

= �
2

b

h(b+ |k|)
p

(b� |k|)2 � !2 + (b� |k|)
p
(b+ |k|)2 � !2

! + i✏

i
(4.9) 3D flat band Pole

Bu TrG(SS)

B
(0)
u

⌘ TrG(SA)

B
(0)
u

=
4!p

k2
� !2

(4.5) QCP Branch-cut

Bux

TrG(SS)

B
(�1)
ux

= 4!
b
2 + k2

� !
2 + f+f�

f+f�(f+ + f�)
; f± =

r
k2x �

⇣
b±

q
!2 � k2

?

⌘2
(4.12) Filled nodal segment Branch-cut

TrG(SA)

B
(�1)
ux

= 4!
(f+ + f�)

q
!2 � k2

? � b(f+ � f�)
q
!2 � k2

?(b
2 + k2

� !2 + f+f�)
; f± =

r
k2x �

⇣
b±

q
!2 � k2

?

⌘2
(4.13) Non-singular segment Branch-cut & nonsingular

Btz

TrG(SA)

B
(�1)
tz

= 4!
b
2 + k2

� !
2 + h+h�

h+h�(h+ + h�)
; h± =

r
k2
? �

⇣
b±

p
!2 � k2z

⌘2
(4.16) Filled nodal ring Branch-cut

TrG(SS)

B
(�1)
tz

= 4!
(h+ + h�)

q
!2 � k2

? � b(h+ � h�)
q
!2 � k2

?(b
2 + k2

� !2 + h+h�)
; h± =

r
k2
? �

⇣
b±

p
!2 � k2z

⌘2
(4.17) Non-singular disk Branch-cut & nonsingular

Bt

TrG(SS)

B
(0)
t

= 2
⇣

b+ !q
k2

� (b+ !)2
�

b� !q
k2

� (b� !)2

⌘
(4.6) Filled nodal shell Branch-cut

TrG(SA)

B
(0)
t

=
2

b

q
k2

� (b� !)2 �
q
k2

� (b+ !)2
�

(4.7) Non-singular bowl Branch-cut & nonsingular

Table 1: The summary of trace of Green’s functions, spectral features and classifications for AdS5.
For all of the expressions, k2 = k

2
x + k

2
y + k

2
z .

iv) Gapless with shifting in !-direction. Spectral features of this class show some

similarities to the gaps class, but instead of the usual nodal segment, ring, or shell, we

found non-zero spectra inside. Therefore, we will call them filled nodal segment, ring, or

shell, distinguishing them from the second class. The fourth column of figure 9 illustrates

this class.

4.4 Emergence of various dimensions flat band over finite region

We have shown that various dimensions flat band can emerge in our holographic approach

after the symmetry is broken by �, Bi, Bij , and Btu. We have reported the existance of

these flat bands in our previous works by numerical study. Nevertheless, the reason the

flat band emerged just over the finite region was still being investigated.

– 26 –
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Figure 9: The classifications of spectral features for all interaction and quantization types. The
table consists of spectral functions in !-kx,y,z and kx-ky-kz at ! ' 0. The spectra have identical
symmetry on the horizontal alignment and have the same spectral feature on the vertical alignment.
deff is the number of the flat band, cones k-shifting, nonsingular, and cones !-shifting spectra
appearing in each k-space section.

According to our analytic results, the problem is clarified. Firstly, the flat band’s

singularity can be confirmed as a simple pole by directly calculating residue for each case.

Secondly, we found that where the frequency approaches the momentum which makes the

Green’s function diverge, then the imaginary of the TrG can be approximately written in

terms of the step-function as follows:

• Scalar M0:

Im[TrG(SS)
M0

]
���
!2!k2

' Im[
4!|M0|

k2
� !2 � i✏

], (4.18)

• Space-like polar vector Bx:

Im[TrG(SA)

B
(0)
x

]
���
!2!k2

?
' Im[

2!(b2x � k
2
x)

k2
? � !2 � i✏

]⇥(b2x � k
2
x), (4.19)
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문제와 기본적 정의

문제: 얽히지 않은 두 입자도 산란후엔 얽힌다.  

Q:  산란에 의해 생성된 얽힘의 양은 산란행렬과 어떤관계에 있는가?  

기본적 정의:  

(A) 얽힘 엔트로피의 정의 

	 •	 분할된 두 입자계 의 엔트로피:  

 

(B) 산란 과정과 S-행렬 

	 •    

	 •	 산란 전/후의 엔트로피 변화량:  

SE = − TrA[ρA log ρA]

|fin⟩ = S | ini⟩, S = 1 + iT

ΔSE = Sfin
E − Sini

E
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will divide the scattering surface into two, Σ and Σ . Consider-
ing the constantly accelerating particles whose minimal surfaces is 
found in [6], we can exemplify these idea. The trajectory of two 
particles forms a circle in Euclideanized space–time. The minimal 
surface of circle is well studied, and its area is given by −

√
λ/(2π)

independent of the acceleration [21].
This construction shows a way to identify the scattering am-

plitude as a change of EE. Notice that the change of EE between 
initial and final states is a function of the whole scattering pro-
cess. Therefore this change should be related to S-matrix.

The term, λ∂λ log〈W 〉, in %S E comes from the replica trick 
in the derivation of EE. On the other hand, in the language of 
scattering, that term corresponds to Bremsstrahlung of radiative 
correction. Actually in the case of accelerating quark–antiquark, 
λ∂λ log〈W 〉 is proportional to the Bremsstrahlung function [22]. 
Therefore the change of EE, %S E , is related to S-matrix, which 
gives a scattering amplitude in principle including a radiative cor-
rection.

5. Conclusion

We studied the causal structure on the open string world-
sheet of gluon scattering minimal surface in position space. On 
this world-sheet there exists the wormhole which separates the 
Lorentzian regions including the boundary. Gluons are given by the 
open strings. We have shown that any paths connecting such two 
open string gluons at any time slices pass through the wormhole. 
Therefore a wormhole can always be associated with the entan-
glement of interacting gluons. This result supports the EPR = ER 
conjecture.

Below, we discuss a few points which needs clarification:

• One may ask why entanglement should be related to the in-
teraction, because entanglement is property of the state not 
the hamiltonian. Consider scattering of two particles which 
are initially (at t = −∞) far separated and unentangled. We 
can construct the basis of in- and out-states by tensor product 
of free particle states. Let the initial state |i〉 to be a ten-
sor product state |i〉 = |i1〉 ⊗ |i2〉. They approach each other 
and interact and then go force-free region after long time 
t = +∞. Such time evolution is given by the evolution op-
erator U = exp[−iT (H1 + H2 + H int)] or S-matrix:

|ψ〉 = lim
T →∞

U |i〉 =
∑

f

| f 〉〈 f |S|i〉 =
∑

f

| f 〉S f i (16)

which is entangled in general unless interaction H int = 0 so 
that U is factorized. So the final state of two free particles are 
entangled and its EE can be identified as the ‘change’ of EE of 
the two particle system. Our question is that how to relate the 
latter to the S-matrix itself, which seems to be non-trivial task 
in field theory setting.

• If the final state involves sum over all possible quantum states, 
why one can consider only one world-sheet? In classical me-
chanics, final configuration is completely determined if initial 
one is given. Now in the AdS/CFT, due to the large N nature, 
classical discussion can be made. That is, when we consider 
a minimal surface whose boundary is the trajectories of two 
scattering particles, we implicitly assumed that such classi-
cal picture is valid in describing the gluon–gluon or heavy 
quark–antiquark scatterings. Therefore we do not sum over 

trajectories and hence not sum over the world-sheets. This is 
the reason why we can consider the causal structure of a sin-
gle world sheet of the gluon scattering instead of summing 
over such world-sheets. The same philosophy was implicitly 
assumed in the discussions of causal structure of world-sheet 
in recent literature. With these understanding, we observed 
the EE change (13), following the holographic calculations by 
[18]. This EE change becomes minimum at β = 0 and diverges 
at the Regge limit β = ±1. The relation shows that the change 
of EE is a function of dynamical process, which is natural. Here 
it was shown by holographic argument and mostly likely it is 
true only in the holographic context where semi-classical na-
ture holds. It would be interesting to see how this relation in 
the general quantum field theory can be written.

• Another point that should be discussed further in the future is 
the conjecture we used: the EE of Wilson loop can be calcu-
lated by the minimal surface associated with the Wilson loop 
expectation value. Which was proven only simplest cases. Even 
providing more examples will be interesting.
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케이스별 엔트로피 변화(섭동론적 결과)

(A) 얽힘 없는 초기 상태  

	 •	 밀도행렬의 퍼터베이션 전개: 

	 •	 엔트로피 변화 leading term:  

 
(: 상호작용 결합상수) 

(B) 초기 상태가 얽힘인 경우 :  

	 •	 엔트로피 변화: 상호 전이항 포함,  새로운 항이 order g에서 등장 

	 •	 최대 얽힘( )의 경우 1차 항 소거됨

ΔSE ≈ g2 log g2 ∫ dk |Tkl,p1q1
|2

| ini⟩ = u1 |p1, q1⟩ + u2 |p2, q2⟩

u1 = u2
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Explicit examples

(A)    스칼라 장론: 

 

	 •	 산란진폭 과 엔트로피 증가율 

          

	 •	  center of mass frame:   

(B)  양자역학 

	 •	 with time-dependent Hamiltonian , 

	 •	   : the same!

S = ∫ dd+1x [ 1
2

(∂ϕA)2 +
1
2

(∂ϕB)2 +
1
2

m2(ϕ2
A + ϕ2

B) + λϕ2
Aϕ2

B]
𝒯

ΔSE ∝ |𝒯 |2 ∝ σscattering

ΔSE ∼ pd−2
cm E3

cm

Hint(t)

ΔSE ∝ |𝒯 |2 ∝ σscattering
21



 ads/cft 와 scattering  
world sheet wormhole

• AdS/CFT 대응에서는 산란진폭 및 엔트로피가 모두 bulk minimal 
surface의 영역에 대응:  

• world sheet has wormhole structure. 
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3

FIG. 3. The causal structure on world-sheet. (a) β = 0, (b)
β = 1/2, (c) β = 1.

lines are the horizons by g++ = 0, i.e., Eq. (10). In the
red shaded regions, both of g++ and g→→ are positive.
In every figure, g++ > 0 and g→→ < 0 in the upper
and lower white regions, while g++ < 0 and g→→ > 0 in
the left and right white regions. Therefore these white
regions are Lorentzian, and are separated by the (red)
Euclidean region, that is, a wormhole.
Note that g→→ is negative in the upper and lower

Lorentzian regions, while g++ is negative in the left
and right Lorentzian regions, and that g++ is equal to
g→→ on the blue dotted lines given by (1 + β) sh u+ =
±(1→ β) shu→. It means that we can define world-sheet
time as an appropriate coordinate depending on the re-
gion. Since the vertex operators can be inserted any-
where on the boundary of disk, this is completely natu-
ral. Consider a static gauge, (τ,σ) = (X0, Z). The time
τ (= X0) begins at the upper-left and lower-right corners
and ends up at the upper-right and lower-left ones. The
thin blue (red) lines are negative (positive) constant τ
lines. On the axes, X± = 0, τ is equal to zero. The
thin green lines are constant Z lines. The surface (6)
implies Z ≥ 1. Z has a minimum, Z = 1, at the origin
in Fig. 1(b) and Fig. 3(a,b). Z becomes infinity on the
square bounding boxes, which are the AdS boundary 2,
in Fig. 3(a,b). Therefore we can recognize the thin blue
and red lines as the time evolution of open strings whose
endpoints are located on the AdS boundary.
The horizons (9) and (10) are at least the stationary

limit curves but might be different from a horizon of usual

2 The minimal surface (6) at Z = ∞ is laid on the AdS boundary,
because simultaneously X± also goes to infinity (see Appendix
A in Ref. [12]).

FIG. 4. The gluon scattering world-sheet projected onto
(X̂+, X̂−). The boundary is denoted by the green box. The
red region is a wormhole.

black hole. So let us check whether there is a singu-
larity. The Kretschmann scalar on the world-sheet (7),
RijklRijkl (i, j, k, l = ±), diverges on (1→β) chu→→ (1+

β) chu+ = ±2
√

1 + β2, in other words, these curves are
singularity. From Fig. 2(b), we can see that the singu-
larity is in the interior of horizons, hence the horizons
themselves are not singularity.
Next we focus on the case β = 1. It is so-called the

Regge limit, namely, →s → ∞ with →t fixed. The world-
sheet metric (7) is reduced to

R→2ds2ws =

(

3

2
→

1

ch2 u+

)

du2
+ →

(

1

2
→

1

ch2 u+

)

du2
→ .

(11)
While g++ is positive definite, g→→ is negative when
chu+ >

√
2, i.e., |u+| > log(

√
2 + 1). Therefore the

world-sheet horizons appear at u+ = ± log(
√
2+1). The

causal structure on world-sheet is depicted in Fig. 3(c),
in which the red thick lines are the horizons given by
g→→ = 0. In this case different from those in 0 ≤ β < 1,
two Lorentzian regions, where g++ > 0 and g→→ < 0,
exist, and are separated by a Euclidean wormhole (red
shaded).
Since a gluon is described by an open string itself, we

can see two kinds of entanglement: one is the entangle-
ment of string endpoints in a gluon, and the other is the
entanglement of gluons. In Fig. 4, AL,R and BL,R de-
note the endpoints of open strings describing gluons on
the boundary. Since the upper-left and lower-right cor-
ners are at X0 = →∞ and the lower-left and upper-right
corners are at X0 = ∞, in the static gauge we can regard
g1 and g2 as the incoming gluons and g3 and g4 as the
outgoing gluons. The gluons, g1 and g2 at X0 = t1 (< 0)
and g3 and g4 at X0 = t2 (> 0), can be described as the
entangled states of open string endpoints, namely,

|g1(t1)〉〉 =
∑

i,j c
(1)
ij |ALi(t1)〉 ⊗ |ARj(t1)〉 ,

|g2(t1)〉〉 =
∑

i,j c
(2)
ij |BLi(t1)〉 ⊗ |BRj(t1)〉 ,

|g3(t2)〉〉 =
∑

i,j c
(3)
ij |ALi(t2)〉 ⊗ |BRj(t2)〉 ,

|g4(t2)〉〉 =
∑

i,j c
(4)
ij |BLi(t2)〉 ⊗ |ARj(t2)〉 . (12)

Actually this was the motivation 



IV. Entanglement and spacetime sewing 
(Raamsdonk) 
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V. ER=EPR
Relation to the strange metal 



Conclusion

• Locality is essential for the simplification, which is 
lost by the entanglement.  

• This difficulty  can be overcome using the 
holographic duality.  

•    ΔSE = kσ

24



Conclusion 

• Entanglement is still poorly understood.  

• Recently,  many idea has been much development. 

• Entanglement is the herb of new idea. 
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